This paper is concerned with the long-time behavior of solutions for the three dimensional primitive equations of largescale ocean and atmosphere dynamics in an unbounded domain. Since the Sobolev embedding is no longer compact in an unbounded domain, we cannot obtain the asymptotical compactness of the semigroup generated by problem (2.4)-(2.6) by the Sobolev compactness embedding theorem even if we obtain the existence of an absorbing set in more regular phase space. To overcome this difficulty, we first prove the asymptotical compactness in a weak phase space of the semigroup generated by problem (2.4)-(2.6) by combining the tail-estimates and the energy methods. Thanks to the existence of an absorbing set in more regular phase space, we establish the existence of a global attractor of problem (2.4)-(2.6) by virtue of Sobolev interpolation inequality.
Introduction
In this paper, we consider the long-time behavior of solutions for the following three dimensional primitive equations of large-scale ocean and atmosphere dynamics(see [31] ) where l, h are two positive constants and the horizontal velocity field v = (v 1 , v 2 ), the three-dimensional velocity field (v 1 , v 2 , w), the temperature T and the pressure p are the unknowns, k = (0, 0, 1) is vertical unit vector in R 3 , f = f 0 +βy is the Coriolis parameter, Ro is the Rossby number, which measures the significant influence of the rotation of the earth to the dynamical behaviour of the ocean, Q(x, y, z) is a given heat source. The viscosity and the heat diffusion operators L 1 and L 2 are given by
where Re 1 , Re 2 are positive constants representing the horizontal and vertical Reynolds numbers, respectively, and Rt 1 , Rt 2 are positive constants which stand for the horizontal and vertical eddy diffusivity, respectively. For the sake of simplicity, let ∇ = (∂ x , ∂ y ) be the horizontal gradient operator and let ∆ = ∂ 2 x + ∂ 2 y be the horizontal Laplacian. We observe that the above system is similar to the three dimensional Boussinesq system where the equation of vertical motion is approximated by the hydrostatic balance.
Let Γ u and Γ b be the upper and bottom boundaries of Ω given by Γ u = {(x, y, z) ∈ Ω : z = 0},
Then we can state the boundary conditions of the system (1.1) as follows where α is a positive constant related with the turbulent heating on the surface of the ocean.
In addition, we supply the system (1. Large-scale dynamics of ocean and atmosphere is governed by the primitive equations which are derived from the Navier-Stokes equations with rotation coupled to thermodynamics and salinity diffusion-transport equations, which account for the buoyancy forces and stratification effects under the Boussinesq approximation. Moreover, due to the shallowness of the oceans and the atmosphere, i.e., the depth of the fluid layer is very small in comparison to the radius of the earth, the vertical large-scale motion in the oceans and the atmosphere is much smaller than the horizontal one, which in turn leads to modeling the vertical motion by the hydrostatic balance. As a result, one can obtain the system (1.1)-(1.3) which is known as the primitive equations for ocean and atmosphere dynamics (see [1, 24, 25, 31, 36] ). We observe that one has to add the diffusion-transport equation of the salinity to the system (1.1)-(1.3) in the case of ocean dynamics, but we omitted it here in order to simplify our mathematical presentation. However, we emphasize that our results are equally valid when the salinity effects are taken into account.
In the past several decades, the well-posedness and the long-time behavior of solutions for the primitive equations of the atmosphere, the ocean and the coupled atmosphere-ocean have been extensively studied both from the theoretical point of view (see [1, 3, 4, 5, 6, 8, 9, 10, 11, 12, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 32] ) and numerical point of view (see [2, 7, 13, 14, 15, 29, 30, 33, 34] ). In particular, the existence and uniqueness of global strong solutions for the three-dimensional viscous primitive equations of large-scale ocean was established in [1] . In [8] , the authors proved the existence of weak solutions and trajectory attractors for the moist atmospheric equations in geophysics. The long-time dynamics of the primitive equations of large-scale atmosphere was considered and a weakly compact global attractor A which captures all the trajectories was obtained in [9] . Under the assumption of the initial data (v 0 , T 0 ) ∈ V ∩ (H 2 (Ω)) 3 , the authors have proved the existence of a compact global attractor in V for the primitive equations of large-scale atmosphere in [11] . In [27, 28] , the author has proved the existence of an uniform attractor for the three dimensional non-autonomous primitive equations with oscillating external force and investigated its structure and the upper semi-continuous properties. The global well-posedness and long-time dynamics for the three-dimensional stochastic primitive equations of large-scale ocean was considered and the existence of random attractors for the corresponding random dynamical system was proved in [10] . In [23] , the authors have proved the upper bound of the fractal dimension of the global attractor for the primitive equations of atmospheric circulation and provided its physical interpretation. The existence of the global attractor for the three dimensional viscous primitive equations of large-scale atmosphere in log-pressure coordinate was established in [37] . The existence of a global attractor in V for the primitive equations of large-scale atmosphere and ocean dynamics was proved by Ning Ju in [19] by using the Aubin-Lions compactness theorem under the assumption Q ∈ L 2 (Ω). In [20, 21] , the authors have proved the finite dimensional global attractor for the 3D viscous primitive equations by using the squeezing property.
However, there are no results related to the existence of a global attractor for the three dimensional primitive equations of large-scale ocean and atmosphere dynamics in an unbounded domain.
The main purpose of this paper is to study the existence of a global attractor in V for the three dimensional primitive equations of large-scale ocean and atmosphere dynamics in an unbounded domain with Q ∈ H 1 (Ω). First of all, we make some a priori estimates for the solutions of problem (2.4)-(2.6), which imply the existence of an absorbing set in (H 2 (Ω)) 3 ∩ V for the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6). Since the Sobolev embedding is no longer compact in an unbounded domain, we cannot prove the asymptotical compactness in V of the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6) by the Sobolev compactness embedding theorem even if we can establish the existence of an absorbing set in more regular phase space than V. To overcome this difficulty, we first prove the asymptotical compactness in H of the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6) by combining the tailestimates for the equation of the temperature and the energy methods for the equation of the velocity. Finally, we prove the existence of a global attractor in V for the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6) via Sobolev interpolation inequality.
Throughout this paper, let X be a Banach space endowed with the norm · X , denote by u p the L p (Ω)-norm of u and let C be the positive generic constants independent of the initial data, which may be different from line to line.
New formulation and functional setting

New formulation
Integrating the third equation of (1.1) in the z direction, we obtain
Integrating the second equation of (1.1) with respect to z, we obtain
where p s (x, y, t) is a free function to be determined. Based on (2.1) and (2.3), we obtain the following new formulation of (1.1)-(1.3):
with the following boundary conditions
and the initial data
Taking the average of the first equation of (2.4) in the z-direction over the interval (−h, 0) and using (2.5), we obtain
with the boundary conditions
Subtracting (2.7) from the first equation of (2.4), we obtain
∇T (x, y, r, t) dr
Functional spaces and some lemmas
To study problem (2.4)-(2.6), we introduce some functional spaces. Define
Denote by V 1 and V 2 , respectively, be the closure of V 1 and V 2 with respect to the following norms given by:
for any v ∈ V 1 and any T ∈ V 2 , let H 1 be the closure of
, denote by X ′ the dual space of the Banach space X.
Some a priori estimates of strong solutions
The well-posedness of strong solutions
The well-posedness of strong solutions for the three dimensional viscous primitive equations of large-scale ocean and atmosphere dynamics (2.4)-(2.6) can be obtained by the Faedo-Galerkin methods (see [35] ). Now, we only state it as follows.
6), which depends continuously on the initial data in V.
By Theorem 3.1, we can define the operator semigroup {S (t)} t≥0 in V by
Some a priori estimates of strong solutions
In this subsection, we give some a priori estimates of strong solutions for problem (2.4)-(2.6), which imply the existence of an absorbing set in (H 2 (Ω)) 3 ∩ V for the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6).
L 2 (Ω) estimates of T Taking the inner product of the second equation of (2.4) with
Thanks to
we find
By using (3.2) again, we obtain
From the classical Gronwall inequality, we deduce
which implies that there exists a positive constant ρ 1 and some time T 1 > 0 such that
for any t ≥ T 1 . For brevity, we omit writing out explicitly these bounds here and we also omit writing out other similar bounds in our future discussion for all other uniform a priori estimates. In what follows, let ρ i for any i ∈ Z + be the positive generic constants independent of the initial data.
H 1 estimates of v
Multiplying the first equation of (2.4) by v and integrating over Ω, we obtain
It follows from the Poincáre inequality v 2 ≤ 2l ∇v 2 that
Combining the Classical Gronwall inequality with (3.3), we find
L 6 (Ω) estimates of T Taking the L
2 (Ω) inner product of the second equation of (2.4) with |T | 4 T, we have
which implies that
Therefore, from the uniform Gronwall inequality, (3.5) and the Sobolev embedding Theorem, we deduce
for any t ≥ T 2 + 1. 
(L
It follows from Hölder inequality and Sobolev embedding theorem that
We deduce from (3.8)-(3.9) that
Similarly, we find 2 dr ≤ ρ 4 (3.14)
for any t ≥ T 2 + 2.
estimates of
Taking the L 2 (R × (0, l)) inner product of equation (2.7) with −∆v and combining the boundary conditions (2.8), we conclude
In the following, we will estimate each term of the right hand side of (3.15).
In view of (3.3)-(3.4), (3.14) and the uniform Gronwall inequality, we obtain
for any t ≥ T 2 + 3.
H 1 estimates of v z
Denote u = v z . It is clear that u satisfies the following equation obtained by differentiating the first equation (2.4) with respect to z:
Multiplying (3.21) by u and integrating over Ω, we obtain
It is shown in [19] that
From the uniform Gronwall inequality, (3.3)-(3.4) and (3.23), we deduce
for any t ≥ T 2 + 4. 2 estimates of ∇v Taking the L 2 (Ω) inner product of the first equation of (2.4) with −∆v and using (2.5), we deduce for any t ≥ T 2 + 5.
(L 2 (Ω))
1 2 d dt ∇v(t) 2 2 + 1 Re 1 ∆v 2 2 + 1 Re 2 ∇v z 2 2 ≤C R l 0 ( 0 −h |∇v| dz)( 0 −h |∂ z v||∆v| dz) dxdy + C R l 0 ( 0 −h |∇T | dz)( 0 −h |∆v| dz) dxdy + C Ω |v||∇v||∆v| dxdydz + C Ω |v||∆v| dxdydz ≤C v z
V 2 estimates of T
Taking the L 2 (Ω) inner product of the second equation of (2.4) with L 2 T and combining (2.5), we find
We deduce from (3.3)-(3.4), (3.23)-(3.24), (3.26) and the uniform Gronwall inequality that 
Hölder inequality and Sobolev embedding theorem entail for any t ≥ T 2 + 7. 6 (Ω) estimates of ∂ z T Denote θ = T z . It is clear that θ satisfies the following equation obtained by differentiating the second equation of (2.4) with respect to z:
L
Taking the L 2 (Ω) inner product of equation (3.35) with |θ| 4 θ, we obtain
In the following, we estimate each term in the right hand side of (3.37) . 
It follows from (3.37)-(3.42) that
As a result of (3.23)-(3.24), (3.26) , (3.28) , (3.34) and the uniform Gronwall inequality, we find (3.44) for any t ≥ T 2 + 8.
H estimates of (∂
It is clear that π, ξ satisfy the following equations obtained by differentiating the first equation and the second equation of (2.4) with respect to t, respectively:
Multiplying the first equation and the second equation of (3.45) by π, ξ, respectively, and integrating over Ω, we obtain
It follows from (3.47)-(3.48) and Young inequality that
where
). Multiplying the second equation of (2.4) by ξ and integrating over Ω, we obtain
Similarly, we have
We derive from (3.50)-(3.51) and Young inequality that for any t ≥ T 2 + 9.
H estimates of
Multiplying the second equation of (2.4) by L 2 T and integrating over Ω, we obtain
(3.55)
It follows from (3.54)-(3.55) and Young inequality that
By virtue of (3.23)-(3.24), (3.26), (3.28), (3.34), (3.44), (3.53), we conclude
for any t ≥ T 2 + 9.
The existence of a global attractor
In this section, we will prove the existence of a global attractor in V for problem (2. Next, we prove the asymptotical compactness of the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6).
Theorem 4.2.
Assume that Q ∈ H 1 (Ω). Let {S (t)} t≥0 be the semigroup generated by problem (2.4)-(2.6) and let {(v 0n , T 0n )} ∞ n=1 be a sequence in V which converges weakly in V to an element
and
Proof. It is easily verified that
Then, for any u ∈ H 1 and 0 ≤ t ≤ t + a ≤ T with T > 0,
where C T is a positive constant independent of n.
which entails
for another positive constant independent of n. Therefore, we obtain
for any r > 0, where Ω r = {(x, y, z) ∈ Ω : |x| ≤ r}. From (4.3)-(4.4) and the Aubin-Lions Compactness Lemma, we deduce that
We infer from (4.3)-(4.4), (4.6) and the diagonal process that there exists some subsequence
which implies that (v 1 , T 1 ) is a solution of problem (2.4)-(2.6) with (v 1 (0),
By the uniqueness of strong solution of problem problem (2.4)-(2.6), we obtain v 1 = v. Then by a contradiction argument, we deduce that the whole sequence {v n } ∞ n=1 converges to v in the sense of (4.7). It follows from (4.7) that {v n (t)} ∞ n=1 converges strongly in (L 2 (Ω r )) 2 to v(t) for almost every t ≥ 0 and any r > 0. Then for any u ∈ V 1 , Proof. Choose a smooth function η such that 0 ≤ η(s) ≤ 1 for all s ∈ R + , and
Then there exists a positive constant C such that |η ′ (s)| ≤ C for any s ∈ R + . Define a projection operator P i :
and P 1 (u 1 , u 2 , u 3 ) = u 3 for any (u 1 , u 2 , u 3 ) ∈ R 3 and i = 1, 2, let S 1 (t) = P 1 S (t) and S 2 (t) = P 2 S (t) for any t ≥ 0.
Multiplying the second equation of (2.4) by η 2 (
r 2 )T and integrating over Ω, we conclude
We infer from Young inequality and Poincáre inequality (3.2) that 
for any t ≥ τ. It follows from the classical Gronwall inequality, (4.10)-(4.11) and Q ∈ H 1 (Ω) that for any ǫ > 0, there exists some R 1 such that
for any t ≥ τ and any r ≥ R 1 . Therefore, for any ǫ > 0, we deduce that
for any t ≥ τ, where Ω 2R 1 = {(x, y, z) ∈ Ω : |x| ≤ 2R 1 } and E c = R n \E for any E ⊂ R n . Let B be any fixed bounded subset in V, for any {(v 0n , T 0n )} ∞ n=1 ⊂ B and any positive sequence {t n } ∞ n=1 with t n → +∞ as n → +∞, denote by (v n (t n ), T n (t n )) = S (t n )(v 0n , T 0n ), we infer from Theorem 4.1 that there exists a bounded ball B 0 in V and some time τ = τ(B) > 0 such that
for any t ≥ τ and
for any (v, T ) ∈ B 0 , which implies that exists some K ∈ N with t n ≥ τ for any n ≥ K such that
where χ E is an indicator function on E ⊂ R n . Thanks to the compactness of
, we find that for the above ǫ, there exists some subsequence
and some K 1 ∈ N with n j ≥ K for any j ≥ K 1 such that
for any j, l ≥ K 1 . Therefore, we obtain , we know that the sequence {T n j (t n j )} ∞ j=1 is a Cauchy sequence in V 2 , which implies that the semigroup {S 2 (t)} t≥0 is asymptotically compact in V 2 .
Let δ = , we conclude that the semigroup {S 1 (t)} t≥0 is asymptotically compact in V 1 . Therefore, the semigroup {S (t)} t≥0 generated by problem (2.4)-(2.6) is asymptotically compact in V. The proof of Theorem 4.3 is completed.
From Theorem 3.1, we know that the semigroup generated by problem (2.4)-(2.6) is continuous in V. Furthermore, combining Theorem 4.1 with Theorem 4.3, we immediately obtain the following result. 
